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An Efficient High-Order Mixed-Edge Rectangular-
Element Method for Lossy Anisotropic
Dielectric Waveguides

Xin-Qing Sheng and Shanjia Xwgenior Member, IEEE

Abstract—A new efficient high-order mixed-edge rectangular- must be matched in order to correctly model the null space
element method is proposed for the analysis of lossy anisotropic of the curl operator.

dielectric waveguides. The space construction of the high-order The penalty-function method [2]-[4] has been used to cure
mixed-edge rectangular element is investigated and the explicit

form of the shape function is given. The high-order mixed- th|s_s_pur|ous modes problem, but in this techr_uque_an_arbnrary
edge element vyields higher accuracy and faster convergencePOsitive constant, called the penalty coefficient, is involved
than the lowest order mixed-edge rectangular elements without and the accuracy of solutions depends on its magnitude. In
spurious solutions, and is more efficient compared to the high- recent years, the lowest order [12] and the high-order mixed-

order co_variant projec_tion element. The compl_Jtations of the edge triangular element [13]-[16] have been developed to
propagation constants in the rectangular waveguide and the slab

loaded waveguide show that the accuracy of this high-order eliminate the spurious solut.|0ns successfu_lly. In some cases,
mixed-edge element is about one order higher than that of the rectangular elements are suitable for modeling electromagnetic
lowest order one, and the nodes used in the calculation are only fields in block-shaped guiding structures, which are widely

two-thirds as many as those used in the high-order covariant ysed in microwave circuit. In 1984, Hano proposed the lowest

projection element having the same accuracy. The calculations of o qar mixed-edge rectangular in [17], however, the accuracy of
the dispersion curves for the dominant mode in the waveguide th ixed-ed | ti h d,t be i ’ d for bett
loaded with the lossy anisotropic dielectric block verify the € mixed-edge element IS required to be improved for better

accuracy and efficiency of the present method. applications. To this end, the covariant projection elements
. o . . . . for vector finite-element problems have been developed in

Index Terms—Anisotropic, dielectric waveguide, dispersion, . h L . .
mixed-edge rectangular-element method. [18]. The high-order covariant projection element yields higher

accuracy and faster convergence, but the number of nodes
increases dramatically with division supplementing because
l. INTRODUCTION many inner nodes exist in the element. This decreases the
HE functional formulation with full vectoi is widely €fficiency of this kind of edge-element.
used to rigorously evaluate propagation problems of In this paper, a new efficient high-order mixed-edge
different complicated guiding structures filled with isotropi¢ectangular-element method is proposed. The space con-
or anisotropic dielectrics. The most serious problem assogfruction of the high-order mixed-edge rectangular element
ated with this approach is the appearance of the spuridgsinvestigated and the explicit form of the shape function
solutions. It is recognized that the following two aspects md§ given. This element yields higher accuracy and faster
produce spurious solutions. First, conventional finite elemerf@nvergence than the lowest order mixed-edge rectangular
are nonconforming in the curl space. Nedelec has provegments, and is more efficient compared to the high-
that the continuity of the tangential components between thder covariant projection element. The computations of the
adjacent elements is sufficient and a necessary conditionPé®pagation constants in the rectangular waveguides and the
the conforming element in the curl space [10]. The additionglab-loaded waveguides show that the accuracy of the high-
forced continuity of the normal component in the conventiongrder mixed-edge element approach is about one order higher
finite elements breaks the conforming in the curl space [14fian that of the lowest order approach, and the nodes used
Secondly, conventional finite elements cannot correctly modgl the analysis are only two-thirds as many as those used
the null space of the curl operator. The full vectlk is in the high-order covariant projection element with the same
composed of three components, and the polynomial ordersagguracy. The calculations of the dispersion curves for the
interpolated functions for each component in the functiondpminant mode in the waveguide filled with lossy anisotropic
dielectric segment verify the accuracy and efficiency of the

present method.
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Fig. 1. (a) Lowest order mixed-edge rectangular element. (b) High-order covariant projection element. (c) High-order mixed-edge rectargmtlar elem

functional formulations. It is justified by many of the practicahnalyzing propagation problems in the guiding structure, the
experiences of the various formulations, with the followingurl operator can be described as
full-vector functional shown to be quite suitable for a lot of

practical and complicated problems VxH= <a§IZ —|—j/3Hy>éx + <—j/3HgC - 8;IZ)éy
Y T
* * H H.\ .
F() = [ [ (7" (6] X B)~k3[a/HE B dady (1) b (O PR, @
Q Oz dy
where [p] and [q] are, respectively, the permittivity and per- Hence, the null space of the curl operator is determined by
meability tensors, which are defined as the following equations:
- aHZ .
[p]: 0 Dy 01, Pe=—"Py=—"9Pz= — Y
0 0 p’ 61‘$ 61’y 61’Z r aHZ _
: : —ifpH, = == =0 (6)
@ OH aﬁj
(. 0 0 == 7)
[(J] =10 dy 0, Qe = MPrz,Qy = Hry, 2z = Hrz. t Y
|0 0 g From (5) to (7), one sees that in order to keep the same

(3) polynomial order for each term in the equations, which is
required for correctly modeling the null space of the curl
When the finite-element method (FEM) is used to solve tlaperator, the shape function df. should have one-order
above variational problem, one has to first of all, accuratehigher than that off, in x, one-order higher than that of
and reasonably construct the finite-element space. To do tHi, in y.
one should keep two criterions in mind. One is that finite- Fig. 1(a) shows the lowest order mixed-edge rectangular
element space must be conforming in the curl space, whielement proposed in [17], which is composed of two tangential
can be satisfied only if tangential components are used waknowns (1-2) parallel ta:-direction for interpolating the
interpolated parameters. The other is that finite-element spacenponent H,,, two tangential unknowns 1-2 parallel to
should correctly model the null space of the curl operator. Fgrdirection for interpolating the componerfi{,, and four
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Fig. 3. The slab-loaded waveguide. 055 |
unknowns (1-4) parallel ta-direction for interpolating the e
axial componentH,. Obviously, this finite-element space 0.5
satisfies the above two criterions.
Fig. 1(b) shows a kind of high-order mixed covariant pro- L
o : X ) 045 — T
ject|on_element developgd according to [13], which contains 2 3 4 5 6 7 8 9 10
some inner nodes and is composed of six unknowns (1-6) k t
parallel to z-direction for interpolating the componed.,., 0
six unknowns (1-6) parallel tg-direction for interpolating ()

the componentd,, and nine unknowns (1-9) parallel to Fig. 4. Dispersion characteristics of tf; mode in the lossy dielectric
for interpolating the axial componett. . This finite-element block-logded waveguide. (a) Normalized phase constant. (b) Normalized
. e . . attenuation constant.
space also satisfies the above two criterions.
Here, a new high-order mixed edge rectangular element

is proposed as shown in Fig. 1(c), which is composed of n= y—(ys+uy1)/2 I
. . . ) K

four tangential unknowns (1-4) parallel to-direction for ly Y

interpolating the component, four tangential unknowns  pence. the following expressions for the electromagnetic

(1-4) parallel toy-direction for interpolating the componentsaiq 1 in each element have been derived:

H,, and eight unknowns (1-8) parallel te-direction for .

interpolating the axial componeiif, . It is easy to prove this He — ZU‘H ‘ (10)
=1

Yo — Y1
==, 9
5 (9)

new finite-element space satisfies the above two criterions.
Since there are no inner nodes in the element, the total number 4
pf nodes is reduced and thg computing gfﬁugncy of the method H¢ — ZViHyi (11)
is improved. Some numerical results given in the next section Pt
confirm this conclusion. 8

In order to conveniently obtain interpolating function ¥ Ht = ZjNiHi (12)
the z—y coordinate is transformed - coordinate according i=1
to the following transformation formulas: with

¢ = x—(x2+21)/2

=21 8)
L BT Ur=(1+OA-m/4,  Va={1+H1-n)/4
2 U ’ 2 U
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TABLE |
A COMPARISON OF THEPROPAGATION CONSTANT OF THE SLAB LOADED WAVEGUIDES BETWEEN THE THEORETICAL AND CALCULATED RESULTS
present analysis high-order covariant projection lowest-order
Eigen Theoretical
value (Nx+Ny+Nz=163) element (Nx+Ny+Nz=253)
modes
(Nx+Ny+Nz=253)
calculated error (%) calculated error (%) calculated error (%)

first 2.51331 2.51275 0.02 2.51227 0.04 2.49769 0.62

second -5.41743 -5.43196 0.27 -5.42430 0.12 -5.51866 1.7

third -5.55285 ~5.55962 0.12 -5.55960 0.12 -5.65088 1.8
Us=(1+&1+n)/4,  Va=(1+L+n)/4 Ay]=3 / / 2 {V N, dedy
Us=Q1-(1+n)/4, Vi=Q1-(1+n)/4 eV Je
Ny = (1= &1 —n)(1+E+m)/4 [A..] = Z/ /[py{Nw}{Nx}T—i—pw{Ny}{Ny}T
Ny =-(1+HA -1 -E+mn)/4 e ,
Ny=—(1+&1+n)1l—-&—n)/4 — ¢:Rg{NH{ N} | dedy
Ny=—(1=-814+n1+E—n)/4 [Bza] = Z/ /[py{U}{U}T] dady
Ny =—(1=&)(1-n)/2 e e
No=—(1+&)(1—12)/2 Byl =3 / / o {VHVIT] dady.
Ny =—(1=-&)(1+n)/2 e e
Ns = =(1=6)(1 = n))/2 0

. NUMERICAL RESULTS

Substituting (10)—(12) into (1), one obtains the following |, order to check the accuracy of the new high-order
final eigenvalue equations, which gives a solution directly fofiyeq-edge rectangular elements, some numerical results are
the propagation constant given here. Fig. 2 shows the relative error of the computed

, ) H, g for the dominant mode in the rectangular waveguide and
[Att]{Hy } =p [Btt]{Hy} the convergence property of numerical calculations, where
N, Ny, andV, are the numbers of the nodes fdy,, H,, and
where [Ay], [By], and[A,,] are shown at the bottom of the ;7 components respectively, and, + N, + N, corresponds
page, with to the total number of the degrees of freedom. The relative
error is defined as
) = Y [ (oAU VYV oy
A =Y [ [ 0N oy

Al =Y [ [0Vl V) = UV HV Y ) oy

(13)

Relative error= (feyxact — Srem) /Fexact.

It is confirmed from Fig. 2 that the high-order mixed-edge
rectangular elements can give accurate results with faster
convergence than the lowest mixed-edge rectangular elements
and the high-order covariant projection element [18]. Table |

Bu) = |[Boe] = Aaalldec] " [Au] - —[Ana]lAe] A,y
_[Ayz][Azz]—l[Am] [Byy] - [Ayz][Azz]_l[Azy]

And = 3 [ [0V = @l UHUY dody
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presents a comparison of propagation constants for the fifst] M. Koshiba and K. Inoue, “Simple and efficient finite-element analysis

three modes in the slab dielectric loaded waveguide shown in of microwave and optical waveguidesEEE Trans. Microwave Theory
. Tech, vol. 40, pp. 371-377, Feb. 1992.
Fig. 3. It can been seen from the table that the accuracy @%) j-r.'Lee, D.-K. Sun and Z. J. Cender, “Full-wave analysis of dielec-

the high-order mixed-edge rectangular elements is about one tric waveguides using tangential vector finite element&EE Trans.

order higher than that of the lowest order one and have the, Microwave Theory Techvol. 39, pp. 1262-1271, Aug. 1991.
% Z. J. Cendes, “Vector finite elements for electromagnetic field compu-

same accuracy as that of the high-order covariant projection” tation,” IEEE Trans. Magn.vol. 27, pp. 3958-3966, Sep. 1991.
element—even if the unknowns are on|y 64% as many HS] M. S. Alam, K. Hirayama, Y. Hayashi, and M. Koshiba, “Finite-element

: S he : analysis of propagating, evanescent, and complex modes in finlines,”
those analyzed in the lowest order and the high-order covariant 5 >~ "  © Eng.-Microwave Antennas Propagaol. 141, no. 2,

projection element. Fig. 4 presents the dispersion curves of pp. 65-69, Apr. 1994.
the dominant mode in the waveguide partially filled with &L6] X. Shanjia, S. Xinqing, and M. Koshiba, “A new high-order edge-

: o : : | hChi . Inf Mill Wavesol. 1
lossy anisotropic dielectric block, with the real part of, ﬁg nfn;p"’.‘pzpsrcl’igsg X\f;el\]ggz.rared and Millmeter Waveeol. 13,

as a parameter. The results calculated in [19] are also givien M. Hano, “Finite-element analysis of dielectric-loaded waveguides,”

in Fig. 4, indicated by dots. It can been seen from the curve 'c')nglggTS- Microwave Theory Techvol. MTT-32, pp. 1275-1279,

that the agreement of the results is very good, and thus, 8 c.'w. Crowley, P. P. Silvester, and H. Hurwitz, “Covariant projection
effectiveness and the accuracy of the present approach are elements for 3-D vector field problemsEEE Trans. Magn.vol. 24,
verified. pp. 397-400, Jan. 1993. " N
[19] Y. Lu and F. A. Fernandez, “An efficient element solution of inho-
mogeneous anisotropic and lossy dilectric waveguidéSEE Trans.
IV. CONCLUSION Microwave Theory Techvol. 41, pp. 1215-1223, June/July 1993.

An efficient high-order mixed-edge rectangular element is
proposed. It is demonstrated that the new element can provide

h'ghe_r calculating acc_uracy al’_ld efficiency with no SpurIOL5§n-Qing Sheng was born in Anhui, China, in 1968. He received the B.S.,
solutions. The matching relation among the orders of thes., and Ph.D. degrees from the University of Science and Technology of
interpolated polynomials for three components in the fuffhina (USTC), Hefei, Anhui, China, in 1991, 1994, and 1996, respectively.

tor f ti Lin thi is diff tf that in [18 Currently, he is a Post-Doctoral Fellow at the University of lllinois,
vector functional in this paper is different from that in [ ]Urbana-Champaign. He has authored over 25 papers in academic journals

The success of the present element reveals that the matchimg conference proceedings. His research interests include computational
relation given in this paper is an improvement to that given flectromagnetics, radar cross-section analysis, and discontinuity analysis in

. . . . . .o .. microwave and millimeter-wave transmission.
[18]. This relationship plays an important role in eliminatin Dr. Sheng was a recipient of the 1995 President’s Award of the Chinese

spurious solutions and is the key point in increasing theademy of Science.
accuracy and efficiency of the calculation.
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